Using the method for constructing binary self-dual codes with an automorphism of order square of a prime number we have classified all binary self-dual codes with length 76 having minimum distance d = 14 and automorphism of order 9. Up to equivalence, there are six self-dual [76, 38, 14] codes with an automorphism of type 9-(8, 0, 4). All codes obtained have new values of the parameter in their weight enumerator thus more than doubling the number of known values.
Introduction
In this paper, we are interested in the classification of the extremal binary selfdual [76, 38, 14] codes with an automorphism of order 9. It was motivated by the following reasons.
Firstly, there are only three known extremal binary self-dual [76, 38, 14] codes, constructed by Dontcheva and Yorgov via an automorphism of order 19 [6] . These three codes are not only shadow optimal but also shortest known self-dual code with minimal distance 14. One of these three codes was the first ever found in the literature and it was discovered by Baartmans and Yorgov [1] .
Secondly, Bouyuklieva, et al [4] presented a method for constructing binary self-dual codes with an automorphism of order p 2 and classified all optimal binary self-dual codes self-dual codes of lengths 44 ≤ n ≤ 54 having an automorphism of order 9. The case for the length of an optimal binary self-dual code with automorphism of such order was considered by Yankov in [10] where it was proved that a doubly-even self-dual [72, 36, 16] codes with an automorphism of order 9 does not exists.
A linear [n, k] code C is a k-dimensional subspace of the vector space F q , where F q is the finite field of q elements. The elements of C are called codewords, and the (Hamming) weight of a codeword v ∈ C is the number of the non-zero coordinates of v. We use wt(v) to denote the weight of a codeword. The minimum weight d of C is the smallest weight among all its non-zero codewords, and C is called an [n, k, d] q code. A matrix whose rows form a basis of C is called a generator matrix of this code and we denote this by gen(C). Every code satisfies the Singleton bound
, and if C = C ⊥ , we say that C is self-dual. We call a binary code self-complementary if it contains the all-ones vector. Every binary self-dual code is self complementary.
A self-dual code is doubly even if all codewords have weight divisible by four, and singly even if there is at least one nonzero codeword v of weight wt(v) ≡ 2(mod 4). Self-dual doubly even codes exist only if n is a multiple of eight.
The Hermitian inner product on F n 4 is given by u.v = n i=1 u i v 2 i and we denote by C ⊥H the dual of C under Hermitian inner product. C is Hermitian self-dual if C = C ⊥H .
The weight enumerator W (y) of a code C is defined as W (y) = n i=0 A i y i , where A i is the number of codewords of weight i in C. Following [8] we say that two linear codes C and C ′ are permutation equivalent if there is a permutation of coordinates which sends C to C ′ . The set of coordinate permutations that maps a code C to itself forms a group denoted by PAut(C). Two codes C and C ′ of the same length over F q are equivalent provided there is a monomial matrix M and an automorphism γ of the field such that C = C ′ M γ. The field F 4 has an automorphism γ given by γ(x) = x 2 .
The set of monomial matrices that maps C to itself forms the group MAut(C) called the monomial automorphism group of C. The set of maps of the form M γ, where M is a monomial matrix and γ is a field automorphism, that sends C to itself, forms the group GAut(C), called the automorphism group of C. In the binary case all three groups are identical. In general, PAut(C) ⊆ MAut(C) ⊆ GAut(C).
An automorphism σ ∈ S n , |σ| = p 2 is of type p 2 -(c, t, f ) if when decomposed to independent cycles it has c cycles of length p 2 , t cycles of length p, and f fixed points. Obviously, n = cp 2 + tp + f . This paper is organized in the following way. First in Section 2 we introduce to the reader the main results about the method we use. Section 3 shows the application of the method and the construction of six new binary self-dual [76, 38, 14] codes.
Construction Method
In [4] a method for constructing binary self-dual codes having an automorphism of order p 2 , where p is an odd prime, was presented. We consider the case p = 3.
Let C be a self-dual [76, 38, 14] code having an automorphism σ of type 9-(c, t, f ). In [3] (Lemma 6) it is proved that σ is of type 9-(8, 0, 4), i.e. c = 8, t = 0 and f = 4. Thus we have σ = (1, 2, . . . , 9)(10, 11, . . . , 18) . . . (
Denote by Ω i , i = 1, . . . , 12 the cycles in σ. Define
where v|Ω i denotes the restriction of v to Ω i . Clearly v ∈ F σ (C) iff v ∈ C is constant on each cycle. Denote π : F σ (C) → F 12 2 the projection map where if v ∈ F σ (C), (π(v)) i = v j for some j ∈ Ω i , i = 1, . . . , 12. Then the following lemma holds.
Thus each choice of the codes F σ (C) and E σ (C) determines a self-dual code C. So for a given length all self-dual codes with an automorphism σ can be obtained.
Denote with E σ (C) * the subcode E σ (C) with the last 4 zero coordinates deleted. E σ (C) * is a self-orthogonal binary code of length 8.3 2 = 72 and dimension
where T is the ring of even-weight polynomials in F 2 [x]/(x 9 − 1). Thus we obtain the map ϕ :
Let e 1 = x 8 + x 7 + x 5 + x 4 + x 2 + x and e 2 = x 6 + x 3 . In our work [4] we proved that T = I 1 ⊕ I 2 , where I 1 = {0, e 1 , ω = xe 1 , ω = x 2 e 1 } is a field with identity e 1 and I 2 is a field with 2 6 elements with identity e 2 . The element α = (x + 1)e 2 is a primitive element in I 2 so
The following theorem is from [3] .
Moreover M 1 and M 2 are Hermitian self-dual codes over the fields I 1 and I 2 , respectively. If C is a binary self-dual code having an automorphism σ of type
This proves that C has a generator matrix of the form
Let B s and E s denote the number of words of weight s is F σ (C) and E σ (C) We denote these codes by M 2,i for 1 ≤ i ≤ 122. Their generator parameters can be obtained from [10] .
We fix the upper part of G in (2) to be generated by one of the 122 already constructed Hermitian MDS or NMDS [8, 4] codes. Now we continue with construction of the middle part, i.e. the code M 1 . Theorem 2 states that M 1 is a quaternary Hermitian self-dual [8, 4, 4] code. There exists a unique such code e 8 (2), but we have to examine carefully all transformations on Q 1 that can lead to a different joined code. The full automorphism group of e 8 is of order 2.3 8 (8!) and we have to consider the following transformations that preserve the decomposition of the code C :
(i) a permutation τ ∈ S 8 acting on the set of columns.
(ii) a multiplication of each column by a nonzero element e 1 , ω or ω in I 1 .
(iii) a Galois automorphism γ which interchanges ω and ω.
The action of (i) and (ii) can be represented by a monomial matrix M = P D for a diagonal matrix D and permutational matrix P . Since every column of Q 1 consists only of 0 and 1 the action of P Dγ on Q 1 can be obtained via P D. Thus we apply only transformations (i) and (ii).
Denote by M τ 1 the code determined by the matrix Q 1 with columns permuted by τ . To narrow down the computations we can use PAut(M 1 ) = (47)(56), (45)(67), (12)(3586), (24)(68) T ={(), (78), (67), (678), (687), (68), (56), (56)(78), (567), (5678), (5687), (568), (576), (5786), (57), (578), (57)(68), (5768), (5876), (586), (587), (58), (5867), (58)(67), (45678), (4568), (4578), (45768), (458), (458)(67)}.
For every one of the 122 codes M 2,i and τ ∈ T we considered 3 8 possibilities for gen(M τ 1 ) and checked the minimum distance in the corresponding binary code E σ (C) * . We state the following result. Denote the codes obtained by C 72,i , i = 1, . . . , 36659. In Table 1 and Table 2 we summarize the values of the order of the automorphism groups | Aut | and the number A 16 of codewords of weight 16 for these codes. The highest attainable minimum weight for length 76 is 14 and there are three possible weight enumerators and shadows [7] : There are only three known codes with α = 0 for W 76,1 [6] , possessing an automorphism of type 19-(4, 0). Now C π is a binary self-dual [12, 6] code. Up to equivalence there are three such codes 6i 2 , 2i 2 + h 8 and d 12 [9] . In the case of 6i 2 we can not fix any point since then there will be a codeword of weight 10 in C. When C π ∼ = 2i 2 + h 8 we have to take the four fixed points from the h 8 summand. Since the automorphism group of h 8 is 3-transitive we can take any three points from it and we have to choose one more cyclic point from the last five. We checked all five different splits and found a vector in F σ (C) with weight d < 14. Lastly, when C π ∼ = d 12 , for every 4-weight codeword we have to choose at least two coordinates from its support.
The code d 12 possesses a cluster {{1, 2}, {3, 4}, {5, 6}, {7, 8}, {9, 10}, {11, 12}} so we have to choose the four fixed points from different duads. Up to a permutation of the cyclic points or a permutation of the fixed points we have a unique generating matrix By Q-extensions [2] we obtained G ′′ = (1, 2), (2, 4, 3)(5, 7)(6, 8), (5, 6)(7, 8) the subgroup of the symmetric group S 8 that preserves the code generated by G 2 .
The group G ′′ has cardinality 420. To construct a generator matrix of a [76, 38] self-dual code in form (2) we fix a generator matrix of E σ (C) * and we use the matrix G 2 with columns permuted by µ for all permutations µ ∈ G ′′ .
Our exhaustive search gives the following result.
Theorem 5. Up to equivalence there exist exactly 6 binary self-dual [76, 38, 14] codes with an automorphism of type 9-(8, 0, 4). All codes have weight enumerators W 76,1 for α = 4 or 13 and automorphism groups of order 9.
The generator parameters and the weight enumerator for the six binary selfdual [76, 38, 14] codes, denoted by C 76,i 1 ≤ i ≤ 6, are displayed in Table 3 . The notation τ, D in Table 3 means that we are using the permutation τ ∈ T on M τ 1 and then a multiplication of each column by the corresponding element in D.
Alternatively the generator matrices of the codes C 76,i for i = 1, 2, . . . , 6 can be obtained online at "http://shu.bg/tadmin/upload/storage/2599.txt". C 76,5 106 (4, 5, 6, 7, 8) , {3, 4, 9, 10}, {4, 5, 10, 11}, {5, 7, 11, 12}, 13 (1, ω, 1, ω, ω, ω, ω, 1) {1, 6, 7, 12}, {1, 2, 6, 8}, {3, 4, 5, 6, 7, 8} C 76,6 106 (4, 5, 6, 7, 8) , {3, 4, 9, 10}, {4, 5, 10, 11}, {5, 7, 11, 12}, 13 (1, ω, 1, ω, ω, ω, ω, 1) {1, 6, 7, 12}, {1, 2, 6, 8}, {2, 3, 4, 5, 6, 7}
